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ABSTRACT 


In  this  paper  a  semilinear  heat  equation  with  a  convex  nonlinearity  is 
considered.  The  asymptotic  behavior  of  the  solutions  is  completely  determined 
and  this  gives,  in  particular,  a  very  precise  description  of  the  global  stability 
of  stationary  solutions. 
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SIGNIFICANCE  AND  EXPLANATION 


Semilinear  heat  equations  {that  is  heat  equations  perturbed  by  a  non¬ 
linearity  just  acting  on  the  solution  but  not  on  its  derivatives)  occur  in 
many  applications:  for  example  in  combustion  theory,  or  in  population 
genetics  . . .  One  of  the  main  problems  concerning  this  type  of  problem  is  to 
determine  the  asymptotic  behavior  of  solutions  (when  the  time  t  -*■  °°)  .  In 
this  paper,  assuming  that  the  nonlinearity  is  convex,  a  complete  description 
of  the  asymptotic  behavior  of  solutions  is  given  including  in  particular  a 
precise  determination  of  the  global  stability  of  steady  state  solutions. 
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Introduction : 

The  goal  of  this  paper  is  to  give  a  complete  description  of  the  asymptotic 
behavior  of  the  solution  u(t,x)  as  t  -*■  00  of  the  following  nonlinear  heat 
equation : 

r  Sti 

—  -  Au  =  f(u)  in  (0,“)  x  Or' 

O  t 

u(t,x)  =0  on  %0'  ,  u(0,x)  =  uQ(x)  s 

where  f  is  some  convex  nonlinearity,  and  O'  is  a  bounded,  regular  and  con¬ 
nected  domain  in  ]RN. 

To  illustrate  our  result  let  us  consider  the  following  equation 


(1) 


(  a  2  .  \  & 

—  -  Au  =  u  in  (0,°°)  x  v 
o  t 

u(t,x)  =  0  on  9  Of  ,  u(0,x)  =  uQ(x)  ; 


we  denote  by  K  the  set  of  initial  data  Uq(x)  on  Wg*  (=  {v  e  W  '  {O'), 

v  =  o  on  d&])  such  that  the  solution  u(t,x)  of  (1)  exists  for  all  t  >_  0 
and  remains  bounded  uniformly  in  t  ^  0. 

Then  we  prove 

O 

i)  K  is  an  unbounded,  convex  set  and  0  e  K  , 
ii)  If  u  is  a  non-trivial  stationary  solution  i.e.  if  u  satisfies: 
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(2)  -  Au  =  '/  in  fr  ,  u  £  C2  (Bf  ,  u  =  0  on  fi  O'  ,  u  ?  0  ; 

then  u  is  an  extremal  point  of  K, 

iii)  If  u  is  in  K  without  being  an  extremal  point  of  K,  then 

O 

u(t,x)  e  K  for  all  t  >  0  and  u(t,x)  — ►  0  . 

t -HJO 

it.lu.-x  examples  are  given  after  the  general  statement  of  Theorem  II.  1  (in  particular 
east:  where  is  replaced  by  Xe11) . 

bviouslv  this  result  shows  that  every  non-trivial  solution  of  (2)  is 

t.ighJy  -instable  (in  the  context  of  (1)):  remark  the  fact  that  u  is  unstable 

(in  the  linearized  sense  at  least)  is  probably  well-known ^ ;  but  we  give  here 

a  very  precise  picture  of  that  instability.  In  particular  the  result  above 

snows  that,  qenerically  (with  respect  to  uQ)  ,  u(t,x)  does  not  converge  to  any 

sc) jtion  of  (2)  . 

Section  T  is  devoted  to  our  main  result,  while  in  section  II  we  give  some 
extensions  and  some  variants  of  our  results. 

Let  us  finally  indicate  that  we  do  not  consider  here  the  existence  problem 
of  solutions  of  (2)  (or  related  problems);  for  these  we  refer  to  P.  H.  Rabinowitz 
[17];  A.  Ainbrosetti  and  P.  H.  Rabinowitz  [1] ;  H.  Brezis  and  R.  E.  L.  Turner  [8] ; 

D.  G.  De  Figueiredo,  R.  D.  Nussbaum  and  P.  L.  Lions  [11];  H.  Berestycki  and 
P .  L .  Lions  [6]  . 


(  ★  ) 

We  did  not  find  a  precise  reference  for  that,  but  it  is  somewhat  straight¬ 
forward  to  prove. 


I  Main  results. 


I . 1 :  Notations  and  assumptions. 

Let  f  be  a  bounded,  regular,  connected  domain  in  IRN.  Let  f  be  a 

2 

C  function  from  ]R  into  1R  satisfying 

(3)  f  is  strictly  convex,  and  f '  (0)  <  X^  ,  f(0)  =  0  , 

where  X^  is  the  first  eigenvalue  of  -A  in  O',  with  Dirichlet  boundary 
conditions. 

We  will  consider  the  following  nonlinear  heat  equation: 


(4) 


~  -  Au  =  f(u)  t  >_  0  ,  x.  e  O' 

O  t- 

u(t,x)  =0  on  dfr  for  t  ^  0  ,  u(t,0)  =  uQ(x)  in  ff  ; 


where  uQ  is  some  given  function  in  X  = 

It  is  well-known  that  for  any  uQ  there  exists  a  unique  local  solution 

to  (4)  (that  is  for  t  e  [0,t  )  and  t  depends  on  u„)  and 

max  max  0 

u(t,x)  C2a'a  {&  *  [0 ,T]  )  (for  any  T  <  t  and  for  any  a  <  1) . 

max 

On  the  other  hand  u(t,x)  may  not  exist  for  all  t  >_  0  since  there  may 
be  blow-up  in  finite  time  (see  for  example  J.  M.  Ball  [3]).  Thus,  of  particular 
interest  for  the  asymptotic  behavior  of  u(t,x)  is  the  following  set  of 
initial  conditions: 


K  =  {u^  X,  such  that  there  exists  a  unique  solution  of  (4)  for  all 

t  >_  0  and  |  u  (t,x)  |  C  (indep.  of  t  >_  0  and  x  in  } 

U0 

Then ,  we  have 


Theorem  I . 1 :  Under  assumption  (3) ,  we  have 


i)  K  is  convex,  unbounded;  0  e  K;  i^f  uQ  e  K,  then  for  all  v  <_  uQ, 

v  e  K;  in  addition,  if  we  denote  by  S(v)  =  /  4  |Vv|2  dx  -  /  F(v)dx  where 

;  «  * 

F (t)  =  /  f(s)ds,  then  we  have 
0 

S (v)  >  0,  for  all  v  in  K  -  {0}  ; 

ii)  I_f  u  is  a  non-trivial  stationary  solution  of  (4)  i.e.  if  u 
satisfies 

(5)  -  Au  =  f(u)  in  ff  ,  u  =  0  on  31^  ,  u  e  C2  (fr)  ,  u  ?  0  ; 

then  u(x)  >  0  for  x  in.  and  u  is  an  extremal  point  of  K. 

iii)  I_f  uQ  £  K  and  if  uQ  is  not  an  extremal  point  of  K  then  the 

O 

corresponding  solution  u(t,x)  of  (4)  belongs  to  K,  for  all  t  >  0. 


°  2  - 

iv)  Moreover  if  u  €  K,  then  u(t,x)  — >■  0  (in  C  (ff) )  . 
u  t-*00 

Remark  I . 1 :  The  assumption  of  convexity  for  f  is  essential  (except  for  some 
arguments  of  the  proof  of  (iv)),  and  we  will  explain  in  section  II  what 
happens  if  we  no  longer  assume  f(0)  =0  or  f ' (0)  < 

Remark  1.2:  This  result  shows  that  the  only  way  to  approach  a  non-trivial 
solution  of  (5)  via  the  evolution  problem  (4)  is  to  start  with  u^  being  an 
extremal  point  of  K  and  to  stay  for  all  t  >_  0  in  the  set  of  extremal  points 
of  K.  In  particular  generically  (with  respect  to  uQ  in  X)  u(t,x)  does 

O  _ 

not  converge  to  a  solution  of  (5):  indeed  K  u  (X  -  K)  is  a  dense  open  set  of 
X  on  which  u(t,x)  either  goes  to  0,  or  is  unbounded. 

Remark  1.3:  We  may  extend  the  above  result,  by  replacing  -A  by  a  more 


general  second-order  elliptic  operator  and  the  Dirichlet  boundary  conditions  by 


j 


other  types  of  boundary  conditions.  Finally  one  can  allow  f  to  depend  also 
on  x;  but  we  will  not  consider  such  obvious  extensions. 


While  the  proof  of  statements  i)  -  iii)  is  fairly  easy,  the  proof  of  iv) 
will  involve  some  technicalities.  In  1.2  below,  we  prove  i)  -  iii);  and  in  1.3 
some  preliminary  results  are  proved;  finally  in  1.4  we  prove  iv) . 

1.2;  Geometrical  properties  of  K; 

For  uQ  in  K,  we  will  denote  by  S(t)uQ  =  u(t,x)  the  solution  of  (4). 
Proof  of  i) : 

Let  uQ,  vQ  be  in  K  and  let  0  <  6  <  1,  since  f  is  convex  one  has 

-f-  ( 0 S  (t)  u  +  (1  -  6 )  S  (t)  v  )  -  A (0S (t) u  +  (1  -  9 )  S  (t)  v  )  = 
at  U  u  u  u 

=  0 f ( S ( t ) uQ )  +  (1  -  9) f (S (t) vQ)  >  f(0S(t)uQ  +  (1  -  8)S(t)vo)) 

thus  if  w ( t , x )  is  the  maximal  solution  of  (4)  with  0uQ  +  (1  -  0)vQ  as 

initial  data,  one  has  by  well-known  comparison  theorems  w(t,x)  ^  0S(t)uQ  + 

(1  -  0)S(v)v„  <  C  for  all  x  in  O'  and  t  <  t 

0  —  -  max 

Now  since  f '  (0)  <  X^,  we  have 

dw 

—  -  Aw  =  f (w)  >  f'(0)w 
dt  — 

and  this  implies  w(t,x)  ^  -  C.  And  this  proves  that  K  is  convex. 

To  prove  that  if  uQ  ^  K  and  if  v  ^  uQ  then  v  €  K,  one  just  needs 
to  remark  that  by  the  above  proof  for  all  v  one  has  a  bound  from  below  for  the 
solution  v(t,x)  of  (4)  with  initial  data  v,  while  if  v  <  with  uQ  <  K 
then 


<  \  j  i  .  —  d  ■  •• 
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v(t,x)  <_  S(t)u  , 
applying  again  comparison  results. 

O 

Now  let  us  prove  that  0  £  K,  indeed  if  satisfies: 

-  Av^  =  \  v^  in  J1  ,  v1  £  C 2  C&)  ,  v  >  0  in  S'  ,  =  0  on  8#"'  , 

for  z  small  enough,  we  deduce 

-  Aev1  =  A  (evx)  ^  f’(ev1)ev1  >_  ffev^ 

Thus,  s  ( t)  (ev^)  >_  ev^  for  all  t  >  0  and  ev  e  K  . 

Applying  what  we  proved  above ,  we  get  that 

I  =  {w  e  X  ,  w  ^  £v^}  c  K 

And  this  set  I  is  a  neighborhood  (in  X)  of  0  (since  (x)  >  0  in  O'  and 

3V1 

by  Hopf  maximum  principle  <  -a  <  0  on  where  n  is  the  unit 

outward  normal  to  %ff)  . 

To  prove  that  S(v)  >  0,  for  all  v  in  K  -  {o};  we  first  show  that 
S(v)  >_  0  for  v  in  K.  Indeed  if  we  admit  iv)  and  if  we  remark  that 
S ( u ( t , x ) )  is  nonincreasing  (multiply  (4)  by  —  ) ,  then  for  all  u.  in  K  we  have 

ot  0 

S(u  )  >_  0  . 

_  O 

Since  K  =  K,  the  claim  is  proved.  Now,  suppose  that  for  some  v  in  K, 

S(v)  =  0:  obviously  S(3(t)v)  =  0  and  thus  — •  S(t)v  =  0.  Hence  v  is  a 

dt 

stationary  solution.  But  if  v  i  0,  we  have,  since  f  is  convex 
/  7vj^  dx  -  /  f(v)v  dx  >  2  /  F(v)dx  ; 

&  &  (r 

and  w<=>  r-onclud^. 


-6- 


Proof  of  ii) :  Let  u(x)  be  a  solution  of  (5)  and  let  us  prove  first  that 


u  >_  0.  Indeed  multiply  (5)  by  u  (=  max(-u,0))  and  integrate  by  parts,  we 
obtain 

2 

-  J  | Vu  |  d x  =  /  f(-u  )u  dx  , 

S’  S' 

but  f(t)  >_  f'(0)t  and  the  above  equality  yields: 

-2  -  2 

/  |  Vu  |  dx  <_  f  *  (0)  /  |u|  dx 

ff  S’ 

since  we  assume  f'(0)  <  A^,  this  implies  u  =  0  that  is  u  >_  0. 

Next,  we  prove  u  is  an  extremal  point  of  K:  we  argue  by  contradiction. 
There  exist  uQ,  v^  in  K,  9  €  (0,1)  such  that: 

u=0Uq+  ( 1  -  0 ) Vg 

We  already  saw  that  6S(t)uQ  +  (1  -  6)S(t)vo  =  w(t,x)  satisfies: 

(5)  ft  ~  Aw  :!  f  in  (0 ,°°)  x  ff  , 

actually  since  f  is  strictly  convex,  this  inequality  is  strict. 

On  the  other  hand  w(0,x)  =  u(x)  and  u  satisfies 

-  Au  =  -  Au  =  f (u)  , 

thus  we  know  not  only  that  w(t,x)  >_  u(x),  but  also  by  the  strong  maximum 


Next,  multiply  (5)  by  u(u  >_  0)  and  (4)  by  w; 


irfir  ii 


d  c  , 

]  w(t,x)u(x)d  x  >_  /  f  (w(t,x))u(x)  -  f  (u(x)  )w(t,x)dx  = 


O' 


=  /  ( 

O' 


f (w(t,x) )  f (u(x) ) 


w(t,x) 


u(x) 


)  w  (t  ,x)  u  (x)  dx 


and  this  quantity  is  nonnegative  since  f  is  convex  and  w  >_  u  >_  0.  Hence 
/  w(t,x)u(x)dx  /  M  and  M  >  /  u2(x)dx. 

O'  t/+~  (O' 

To  conclude,  we  admit  for  the  moment  the  two  lemmas  which  follow: 


Lemma  1.1:  If  uQ  e  K,  then  (S(t)uQ,t  >_  0)  is  relatively  compact  in  X. 
And  if  we  denote  by  u(uQ)  the  w-limit  set  of  uQ  that  is  the  set  of  u 
in  X  such  that  there  exists  a  sequence  t  t  +  °°  satisfying 


s(tn)u0-u  ; 

X 

then  w(uQ)  is  a  compact,  connected  subset  of  X  and  for  all  u  “(UQ) 

u  satisfies: 


-  Au  = 

f(u)  in  O'  , 

u  e 

c2  (0)  , 

c 

II 

o 

on 

In  addition,  (S(t)u_)  - *■  0. 

.  dt  °  C(fr) 

2  - 

Lemma  1.2:  If  u,v  e  C  (O')  satisfy: 

U  >  V 

0,  v  ?  0 

-  Au  _>  f  { u) 

in 

O'  ,  u  = 

0  on 

90' 

(7) 

( 

-  Av  <  f { v ) 

in 

II 

> 

0  on 

SO' 

— 

then  v  =  u. 
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Now,  if  we  apply  lemma  1.1,  we  find  that  there  exists  t  -+  »  such  that 

n 

S(tn)u^(x)  -+  u(x)  ,  S(t^)v^(x)  -►  v(x);  and  u,  v  are  stationary  solutions  of 
(4).  Therefor-'  w(t  ,x)  -♦  0u  +  (1  -  9)v  and  M  =  j  (6u  +  (1  -  6)v)u  dx , 

"  X  ff 

w  2 

0u  +  (1  -  0 )  v  >_  u.  Since  M  >  j  u  dx ,  8u  +  (1  -  0)v  J  u.  Finally,  we  just 

ff 

need  to  remark  that  -  M6u  +  (1  -  0)v)  =  6f(u)  +  (1  -  @)f(v)  >  f(Gu  +  (1  -  ~)v 
and  a  straightforward  application  of  Lemma  1.2  yields  the  desired  contradiction 
The  proofs  of  »[.«•  abcv  ■  Lemmas  are  given  in  1.3.  We  will  not  give  the  proof  of 
iii)  since  it  is  the  same  as  the  argument  which  enables  us  to  prove  (6)  above. 
Let  us  finally  observe  that  the  use  of  the  convexity  in  the  arguments  above  is 
somewhat  reminiscent  of  H.  Berestycki  [5]. 


1.3:  Some  preliminary  results: 


Proof  of  Lemma  1.1:  The  first  part  of  Lemma  1.1  is  well-known  (see  for  example 


C.  M.  Dafermos  [10])  since  u  c  K  implies  (by  definition  [|u(t,x)  ||  C 

C2(d) 


(for  example)  for  t  >  1) .  Thus,  we  just  need  to  prove  that  —  (S(t)u  )  - -  0. 

~  dt  0 

•£-4-00 


3u 


Indeed,  remark  first  that  we  have  (setting  u  =  S(t)u  )  || —  |] 

2  0  3t  c0.u{^ 

II *-J  II  o  a  _  i  c'  for  t  >  1  and  a  <  1. 

3t  CU'  (ff) 


On  the  other  hand,  we  have 


! 


_d_ 

dt 


/  k  |Vu|2  -  /  F (u) 

&  2  ff 


>  =  - 


i  du  i 


dt  2 
L 


where  F(t)  =  /  f(s)ds.  In  other  words  |Vu|2  -  /  F(u)  is  a  Liapunov 

0  2  l2& 


functional . 


a>  ^  2  2 

Thus  /  ]— |  5  ds  <  oo,  and  since  by  the  above  estimates  J—|  2 

L 


'dt1  2 
0  L 


is 


a  uniformly  continuous  function  on  [0,°°),  we  deduce: 

dt  t- 

du  Oa  duC°'a(&) 

Since  —  is  bounded  in  C  '  (5)  for  any  a  <  1,  this  implies:  — - *  0 

dt  dt 


t-+ 


(for  a  <  1)  . 


Proof  of  Lemma  1.2:  This  result  is  well-known  but  we  make  the  proof  for  the 
sake  of  completeness.  Multiply  by  v,  u  (7)  : 

/  f(u)v  dx  <  |  f(v)u  dx 

ff  V 


or 


I  (im.  nvi)uvdx  <  o 

W  u  v 


f  (v) 

(when  v  or  u  =  0,  — — —  is  to  be  understood  as  f’  (0))  ,  since  0  v  u, 
v  £  0  and  f  is  strictly  convex,  this  implies  u  =  v. 

Before  going  into  the  proof  of  iv) ,  we  state  and  prove  some  preliminary 
results  of  independent  interest: 

Lemma  1.3:  Let  uQ  be  in  K,  if  0  f  cofu^)  then  w(uQ)  =  {0}  i.e. 

u(t,x)  =  S(t)u  (x)  - *■  0 

X 


Proof :  It  is  well-known  (see  for  example  H.  Brezis  and  R.  E.  L.  Turner  [8]) 
that  since  f' (0)  <  A ^  there  exists  a  >  0,  such  that 

||  u  ||  >  a  for  any  u  solution  of  (5) 

L°°  iff) 
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Now  remarking  that  u  e  o)(uQ)  implies  u  =  0  or  u  is  a  solution  of  (5),  we 
just  need  to  invoke  Lemma  1.1  and  the  fact  that  w(Ug)  is  connected. 

We  need  some  notations  in  order  to  state  the  next  result:  if  c(x)e  c(9j 
we  will  denote  by  \^{c)  the  first  eigenvalue  of  the  problem: 

^  2  p  y 

-  Au  =  cu  +  X^u  in  O'  ,  u  e  W  (&)  (p  <  ®) 
u  =  0  on  30' 

And  v^(c)  will  be  the  corresponding  positive  normalized  eigenfunction: 

-  Av^c)  =  cv^c)  +  ^  ^  vi  ^c)  in  ^  •  vi  e  W2,P((?f  (p  <  «>) 

* 

V  (c)  =0  on  dCf  ,  V  (c)  >  0  in  O'  ,  lv  (c)|  =  +1 

1  bUO) 

n-x°  n->“ 

It  is  well-known  that  if  c  - >-  c,  then  X,  (c  )  - *•  X,  (c)  and 

n  c(5)  1  n  1 

n-*»  2 

v.  (c  )  - *■  v,  (c)  in  W  ,P  (O’)  weakly  (p  <  °°) 

1  n  I 

We  need  the  following  result 

Lemma  1.4:  Let  c(t,x)  f  C.  (f0,°°r  *  9)  we  assume 

— -  fc)  - 

(8)  c(*,x)  e  C1([0,-[)  and  rr  c(t,x)  e  C  ([0,«>[  x 

-  dt  D 

Then  X,(c(t))  f  C,1  ( [0 ,°°  [ )  and 
-  J.  b  - 


(#)C  (&)  denotes  the  space  of  bounded  continuous  functions  on  fr. 


(9) 


(X1(c(t)))  ~  ~  J  [tZ  c(t))|v  (c(t))|2  dx  . 

3 

In  addition  —  v^(c(t))  exists,  is  bounded  independently  of  t  0  and  is 

£ 

continuous  in  t  >_  0:  v|  =  —  v  (c(t))  solves  the  problem 


(10) 


"  Avl  =  3t  a1(c(t))  +  (c(t))  +  (X,  (c(t))  +  c(t))v*  in  ff 


1 

,2,P 


(v',v  )  =  0  ,  V  e  w‘'F(l7)  (p  <  •)  ,  v*  =  0  on  3  ff  . 

l/(0)  1  1  ~ 


3  t-x» 

Finally,  if  we  assume  in  addition;  —  (c(t,x))  *■  0;  then 

8t  cCff)  - 


t-*» 


t-x» 


dt  Xi (c (t) ) 


,  v*  - ►  0  (at  least  in  C1  f&) ) 


Before  going  into  the  proof  of  Lemma  1.4,  we  state  and  prove  a  simple  application 
Corollary  1.1:  Let  uQ  e  X,  uQ  >.  0,  uQ  i  0  and  let  c(t,x)  in  Cb([0,oo)  x 

3  t_H” 

satisfying  (8)  and  -f-  c(t,x)  - *  0. 

3t  C(9) 

Let  u(t,x)  satisfy: 


I  -  Au  >_  c(t,x)u  in  (0,«)  x  ff,  u  e  W2,1,P((0,T)  x  ff)  for  t  <  ■»,  p  <  ® 


(ID  < 


u(t,x)  =  0  on  dff'  ,  u(0,x)  =  uQ(x) 


t-*°° 


If  we  assume  that  X^  (c (t) )  <_  -a  <  0  for  t  >_  tQ;  then  u(t,x)  — *■ 
uniformly  on  compact  subsets  of  ff. 


Proof  of  Corollary  1.1:  A  tedious  (but  straightforward)  argument  yields  that, 
by  the  strong  maximum  principle ,  there  exists  6  >  0  such  that 
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1 _ J-  ' 


v1(t,x)  >_0v1(O,x)  in  O'  ,  where  v^t.x)  =  v1(c(t))(x) 


By  assumption  and  by  Lamma  1.4:  —  v  (t,x)  — - *•  0.  Thus,  for  t  >  t,  ,  we 

3v  C  ^ 

.  1  a6  , 

have  or 


(t,x)  <  |v1  (t,x) 


Now  let  T  =  max  (t^.t^  ,  by  the  strong  maximum  principle  and  Hopf  principle  we 
may  assume  that 


u(T,x)  (for  small  enough  y  >  0) 


ct  ( t-T )  /2 

We  finally  introduce  0(t,x)  =  ye  v^tfX)  (for  t  T)  and  we 


compute : 


3v 

||  -  A0  -  c(t,x)e  «  |  e  +  yea(t"T)/2  ~  +  A1(c(t)>0 


3  v 

<  -  2.  0  +  Yea(t~T)/2  —A  <  0  f  for  t  >  T 

2.  dt 


and  0  (T,x)  =  yv^T.x)  <_  u(T,x)  . 

Therefore  u(t,x)  0(t,x),  for  t  T,  x  in  O'.  In  particular 
a (t-T) /2 

u(t  x)  >  Bye  v^fO/X)  for  t  >_  T. 

We  next  turn  to  the  proof  of  Lemma  1.4: 

Proof  of  Lemma  1.4:  We  will  denote  by  A^(t)  =  A^(c(t))  and  v^(t,x) 


v^ (c(t) ) (x) .  Recall  that  (t)  is  given  by 


A1(t)  = 


M  2=+i  er 


j  ] Vv | 2  -  J  c(t,x)v2  dx 


v  f  h; 


^  j- 


Therefore  for  h  >  0  (for  example) 


X^  (t+h)  -  X  (t)  ^ 

h  -  h 


/  c  (t/X)  (v  (t,x) )  dx  -  /  c  (t+h,x)  (v  (t,x))Z  dx 

&  -L  A,  * 


and  the  right-hand  side  term  goes  to  -  /  (v  (t))2  dx  as  h  ■+  0.  On  the 

e dt  1 


other  hand 


X  (t+h)  -  X  (t) 

h  -  h  < 


/  c (t,x) (v  (t+h,x) )  dx  -  f  c (t+h,x) (v  (t+h,x) ) 2  dx 
&  1  5"  1 


and  again  the  right-hand  side  term  goes  to  -  f  (v  (t))Z  dx  as  h  -+  0, 
since  v  (t  +  h,x)  - *  v  (t,x) .  This  proves  (9)  and  the  first  part  of  Lemma 


h-*0 


3v, 


We  next  prove  that  v'  =  -  exists  and  is  given  by  (10) .  Let  h  >  0 

1  dt 

let  t  >  0,  we  denote  by  =  v^t/X)  and  v^  =  v^t  +  h,x)  .  We  have 
obviously 


(10' ) 


Vi  i_ 

V  -  v  X  (t+h)  -  X  (t)  c(t  +  h)  -  c(t)  v  +  v 

-  M-S  - ±>  =  (-1 - r - +  - r - }  (~~ — -)  + 


X  (t  +  h)  +  c  ( t  +  h)  v^  —  v  X  (t)  +  c(t)  v!"1 

+  ( - - - )(~  -r-1)  +  (-^ - - - )(-i 


h  h 

V1  '  V1  V1  +  V1 


h 


2  L2 


)  .  =  0  . 


Since 


Xl(t  +  h)  +  Xl(t)  ,  fc(t  +  h)  +  c(t) 

2  "  V  2  >  ' 


h 

v  +  v 

_i _ 1  _  ,c(t  +  h)  +  c  (t) 

2  1  2  '  ' 


we  deduce  easily 
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1.4. 

and 


L.  :f  j 


where 


xi( 


c  (t  +  h)  +  c  (t) 


)  and  X  is  the  second  eigenvalue  of 


the  problem 


-  Av  =  Xv  + 


c  (t  +  h)  +  c  (t) 


in 


0 


v  e 


ft* 


If  we  prove  that 


‘5- 


is  bounded  away  from  2ero  when  h  -*•  0,  by  (10) 


1  2  ** 

we  deduce  that  - - —  is  bounded  in  H  (o)  and  by  a  bootstrap  argument  in 

h 

W  2,P«fl  (p  <  °°) ,  it  is  then  obvious  to  pass  to  the  limit  and  to  obtain  (10) . 

Finally  proving  the  remaining  part  of  the  Lemma  is  straightforward  provided  we 

h  h 

show  quantities  like  X^  -  X^  is  bounded  away  from  0  . 

In  other  words,  we  want  to  prove  that  if  c°  e  C{&)  ,  cn  - *•  c  in  C((9) 

n-*» 

then  X2<cn)  -  X^(cn)  >_  a.  >  0,  indep.  of  n. 

Let  us  argue  by  contradiction:  replacing  if  necessary  c11  by  a  subsequence 

we  may  assume  that  X^c11)  -  X^tc11)  — *■  0,  and  thus 

n-*®0 


X2  (c11)  - *•  X^  (c) 

n-x» 


Now  let  Hn  be  the  2-dimensional  subspace  of  HX  generated  by  v",  v2  where 
v”  is  an  eigenfunction  corresponding  to  X^(cn)  and  v2  to  X^ (c11) .  Then 
we  have, 

max  J  |  Vv  | 2  -  c(x)v2  dx  <_  X^(cn)  +  ||cn  -  c  ; 

V'Hn  0 

|v(  2=1 
L 
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1 


by  the  variational  characterization  of  X2<c),  this  yields: 


*2  (c)  —  X2  +  licI1  “  c 


which  contradicts  the  fact  that  A^fc)  > 


1.4:  Asymptotic  behavior: 

O 

We  now  give  the  proof  of  part  iv)  of  Theorem  1.1:  let  u^  e  K,  we  denote 

O 

by  u(t,x)  =  S(t)uQ(x).  Since  uQ  e  K,  there  exists  vQ  e  K,  vQ  >_  uQ  and 
vQ  i  uQ.  We  denote  by  v(t,x)  =  S(t)vQ(x). 

Let  us  argue  by  contradiction:  u(t,x)  0;  then  by  Lemma  1.3  0  i  w(Uq) 

t-KO 

In  addition  w(t,x)  =  v(t,x)  -  u(t,x)  satisfies: 


-  Aw  =  (f<vj  ---llv»))w  .n  (0#1D)  x  V 
dt  v  -  u 

w (0 , x )  =  v0  “  uq  '  w(t,x)  *  0  on  (0,®)  x  80' 


We  are  going  to  apply  Corollary  1.1  with  c(t,x)  =  f'{u(t,x)). 

Indeed  v(t,x)  ^u(t,x),  and  therefore  (f(v^"~  )w  >  f '  (u)w.  In 
addition 


c(t,x)  =  f"(u(t,x))  — .0  in  C(51 


in  view  of  Lemma  1.1. 

Therefore  in  order  to  apply  Corollary  1.1,  we  need  to  check  that 
(12)  A1(f,(u(t,x)))  <  <  0  ,  for  t  >_  tQ  . 

Assume  this  is  proved;  then  by  Corollary  1.1,  w(t,x)  cannot  be  bounded  which 


t _ *  f  v  y 


contradicts  the  definition  of  w. 


Now  to  prove  (12) ,  we  need  the  following  well-known  lemma  that  we  admit 


for  the  moment: 

Lemma  1.5:  Lrt  c  be  a  compact  set  in  X  consisting  of  solutions  of  (5) . 

Then  there  exists  a  >  0  such  that 

A^(f’(u(x)))  <_  -a  <  0  ,  for  every  u  in  C. 

In  particular  we  may  take  C  =  uj(Uq),  and  by  continuity  there  exists  an  open 

neighborhood  C  of  C  such  that 

Aj  (f '  (u(x) )  <_  -  j  <  0  for  every  u  in  C 

Now  by  Lemma  1.1,  we  deduce  that  for  t  large  enough  u(t,x)  £  C.  Indeed 

n  ({u(s,x)  ,s  >_  t}  n  (X  -  C) )  =  0  and  therefore  {u(s,x)  ,  s  >_  t)  c  C  for  t  >_  T 
t>0 

We  conclude  the  proof  of  Theorem  1.1  with  the  proof  of  Lemma  1.5. 

Proof  of  Lemma  1.5:  First,  let  us  remark  that  for  every  solution  u  of  (5) 

one  has 


1  u  (x ) 


0  . 


Then,  by  the  well-known  comparison  theorems  on  eigenvalues,  this  implies 

AL (f • (u (x ) ) )  <  0  . 

This  proves  Lemma  1.5,  since  A  (f'(u(x)))  depends  continuously  on  u. 


■) 
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IX  Some  extensions  and  related  results. 


II. 1:  An  extension  of  (3). 

2 

Instead  of  (3),  we  now  assume  that  f  e  C  (  R)  and  satisfies: 

(13)  f  is  strictly  convex  ,  lim  f ' (t)  <  A 

t->-00 

We  then  have 


Theorem  1 1 , 1 :  Under  assumption  (13),  we  have 

i)  K  is  non-empty  if  and  only  if  there  exists  a  solution  of  (5) 


(5)  -  Au  =  f(u)  in  &  ,  u  e  C2  (S')  ,  u  =  0  on  ; 


moreover,  if 

K  /  0,  then 

there 

exists  a 

minimum  solution  u 

of  (5). 

In 

that  case  K 

O 

is  convex ,  K 

¥  0, 

and  if 

uQ  e  K,  v  e  X  with 

v  <  uo 

then 

v  £  K.  Furthermore  we  have 

S(u) 

<  S(v), 

for  all  v  in  K  - 

{u}. 

ii)  I£  K  /  U,  then  u  e  K  as  soon  as  there  exists  a  solution  of  (5) 
distinct  from  u,  or  as  soon  as  A1(f,(u>)  >  0  . 


I£  u  *  3K,  then  u  is  an  extremal  point  of  K  and  for  all  uQ  in  K 


S  (t)  u. 


t-+» 

H  * 


(this  last  statement  also  holds  if  u  is  the  only  solution  of  (5)), 


iii)  If  K  f  0  and  u  e  K,  then  for  every  solution  u  of  (5)  distinct 
from  u ,  one  has :  u  is  an  extremal  point  of  K 

Furthermore  if  uQ  <■  K  and  i  f  uQ  is_  not  an  extremal  point  of  K ,  then 

o 

S(t)U-  £  K  and  S ( t )  j  - ►  u. 

0  -  0 

Remark  1 1 . 1  ■  The  proof  of  Theorem  IT. 2  is  very  similar  to  the  proof  of  Theorem 
i-l  w<;  will  not  o- 1 ;t.  A  variant  of  the  proof  of  ii)  in  Theorem  1.1  gives 

that  if  f"  is  positive  and  if  / ^ ( f  ’  (u) )  =  0,  then  u  is  an  extremal  point  of  K  . 


Remark  II. 2:  Theorem  II. 2  holds  if  we  replace  f(u)  by  f(x,u)  assuming  that 
f (x / • )  e  (  R)  (for  x  in  h) ,  f  (•  ,t)  £  c0,a  (9)  (for  some  0  <  a  <  1  and 
for  all  t  in  R)  and  that  f  satisfies: 

(14)  f(x,*)  is  strictly  convex,  for  x  in  ff;  lim  — <  A  ,  uniformly  in  x£  j'. 

O  t  J. 

t>>-— CO 

Remark  II.  3:  If  we  no  longer  assume  that  lim  f ’  (t)  <  A  ,  we  do  not  know  if 

t-*--“ 

the  result  still  holds  (actually  we  do  not  even  know  that  K  is  convex) . 

Let  us  give  now  a  few  examples: 

Example  1 :  Take  f(t)  =  A (1  +  |tjP)  or  f(t)  =  \et  (A  >  0,  1  <  p  <  ®) .  For 

these  kinds  of  nonlinearities,  a  rather  detailed  study  of  solutions  of  (5)  is 

given  in  I.  M.  Gelfand  [13],  D.  D.  Joseph  and  T.  S.  Lundgren  [14],  M.  G.  Crandall 

and  P.  H.  Rabinowitz  [9],  C.  Bandle  [4],  F.  Mignot  and  V.  P.  Puel  [16],  P.  L. 

Lions  [15]  .  In  particular  we  know  there  exists  A*  c  (0,°°)  such  that  (5)  has 

a  minimum  solution  u  for  A  £  (0,A*)  satisfying  A  (f 1 (u  ))  >  0  and  (5)  has 

— A  i-  “ 

no  solution  for  A  >  A*.  Thus  if  A  e  (0,A*)  iii)  applies,  while  for  A  >  A* 

K  =  0.  In  addition  (there,  the  result  depends  on  the  dimension  N)  in  many 
cases  it  is  known  that  for  A  =  A*,  (5)  has  a  unique  solution  u^A  and  ii)  (and 

Remark  II.  1)  applies  (u^  e  3K  and  S(t)uQ  -+  for  uQ  in  K) . 

Example  2:  Take  f(x,t)  =  f ( t )  +  g(x)  with  f  satisfying  (13)  and 

A.  <  lim  f ’ (t)  <  A  ,  then  (see  [5],  and  [2]  for  another  version)  there  exists 

^  .  * 
u  -*O0 

0  a  ^  ° 

a  closed  convex  set  C  in  C  '  ( ff)  with  C  f  0  such  that  1)  if  g  %  C,  then 

(5)  has  no  solution  and  thus  by  Theorem  II. 1  K  =  0;  2)  if  g  e  3C,  then  (5) 

has  a  unique  solution  u  and  thus  by  Theorem  II. 1  (part  ii)),  u  is  an 

O 

extremal  point  of  K  and  S(t)uQ  — *•  u;  3)  if  g  <=  C,  then  (5)  has  exactly 

t-x» 
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two  distinct  solutions  u  <_  u  and  by  Theorem  II. 1  (parts  ii)  and  iii) ) : 

O  _ 

u  £  K,  u  is  an  extremal  point  of  K  and  if  uQ  is  in  K  and  is  not  an 
extremal  point  of  K  then  S(t)u  — *■  u.  Remark  also  that  Theorem  II. 1  applies 

0  t-KO 

also  to  the  extension  of  [5] ,  [2]  given  in  [7]  (where  we  relax  the  assumption 
on  f  at  +»)  . 

2 

Example  3 ;  Take  f(t)  =  At  +  t  (A  e  3R)  .  If  A  <  A^  then  Theorem  1.1  applies. 
If  A  =  A^,  then  obviously  0  is  the  only  solution  of 


Au  =  Au  +  u 


in 


u  e 


C2(&) 


u  =  0  on  30"  . 


Thus  i)  and  the  last  part  of  ii)  applies:  0  is  an  extremal  point  of  K  and 
for  all  uQ  in  K,  S(t)u0  - *•  0. 

Now  for  A  >  Aj »  it  is  quite  easy  to  prove  there  exists  a  minimum  negative 
solution  u  which  satisfies  A^ff'fu))  >  0.  Then  ii)  and  iii)  apply  and  for 
all  uQ  in  K,  uQ  being  not  an  extremal  point,  S(t)uQ  — *  u. 


II. 2:  Iterative  schemes. 

We  are  now  concerned  with  the  convergence  of  schemes  like 


.  n+1  ,  n+1  ,  n  ,  , ,  n.  n+1  _2  ,-z.  n+1  _  .  _ 

(15)  -  Au  +  Au  =  Au  +  f(u  ),u  eC((?),u  -Oon  o  ; 

u°  is  given  and  we  assume  (3) ,  A  >  0  and 

(16)  f (t)  +  At  is  nondecreasing  for  t  e  K  . 

(Again  we  could  replace  (3)  by  more  general  assumptions,  but  we  will  not  do  it 
here  for  the  sake  of  simplicity). 

The  scheme  (15)  is  an  implicit  one,  "approximating  (4)  for  t  e  (0,®)" 
with  A  being  the  inverse  of  a  time-step;  therefore  it  is  quite  natural  to  ask 
if  one  has  results  for  (15)  which  are  similar  to  Theorem  1.1. 
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We  introduce  again: 


K={u  eX  ,  |un(x)|^CQ  indep.  of  n  and  x} 

u 


Then  we  have: 

Theorem  I I. 2:  Under  assumptions  (3)  and  (16) ,  we  have 


0  0  0 

i)  K  is  convex,  unbounded;  0  e  K  and  if  u  e  K,  v  e  X,  v  <  u  then 


v  e  K;  and  v  r  have  S(v)  >  0,  for  all  v  in  K  -  {0} 


V  £ 

K;  and 

ii) 

If 

u  is  a 

of 

K  . 

iii) 

If_ 

u°  e  K 

for 

n  ^  1. 

iv) 

Moreover  if 

0 


,2  - 


n-»» 


The  proof  of  this  result  is  very  similar  to  the  one  of  Theorem  1.1  and  we  will 
omit  it. 
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